
CATS ompetition1University of Kentuky High Shool Math Day8 November 2008Problems and Solutions
1 If 32x−2 = 7, what is 9x−1?Solution:

9x−1 = (32)x−1 = 32(x−1) = 32x−2 = 7.

2 The sides of a triangle are 4, 9, 11 inhes. Find the sides of a similar triangle whoseperimeter is 40 inhes.Solution: The sides of a similar triangle are 4k, 9k, 11k for some k. For the perimeterto be 40, we need
4k + 9k + 11k = 24k = 40.Thus k = 40/24 = 5/3, and the sides are (in inhes)

4k = 20/3, 9k = 15, 11k = 55/3.

3 If x = 3 and x = 1/6 are solutions of the equation
ax2 + bx + 1 = 0,�nd a and b.Solution: Sine x = 3 is a solution, we have:(3.1) 9a + 3b + 1 = 0.Similarly, sine x = 1/6 is a solution, we have:
a

36
+

b

6
+ 1 = 0,or, multiplying the equation by 36:(3.2) a + 6b + 36 = 0.To �nd a, subtrat twie (3.1) from (3.2):

−17a + 34 = 0,or a = 2. Then equation (3.2) beomes
6b + 38 = 0,and thus b = −19/3.1CATS stands for CATS Are Top Solvers.
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4 A ar goes 51 miles per hour for 2 hours and then 66 miles per hour for 3 hours. Whatis the average speed of the ar for the 5 hour trip?Solution: The total distane traveled by the ar is

(2 × 51) + (3 × 66) = 300 (miles).Thus the average speed was 300/5 = 60 mph.
5 In the ube below, |AB| = 1. Find |AC|.

A B
C

Solution: AC is the hypotenuse of the right triangle ABC. We have |BC| =√
12 + 12 =

√
2, and |AB| = 1. Thus

|AC| =

√

|AB|2 + |BC|2 =
√

1 + 2 =
√

3.

6 If N2 is a divisor of 8! = 1 · 2 · 3 · 4 · 5 · 6 · 7 · 8, what is the largest possible integer valueof N?Solution: We have
8! = 2 · 3 · 22 · 5 · (2 · 3) · 7 · 23 = 27 · 32 · 5 · 7.It is now lear that the largest square N2 that divides 8! is 26 · 32 = 242. Thus N = 24.

7 The arithmeti mean of three numbers x, y, z is 24. The arithmeti mean of x, 2y, z− 7is 35. What is the arithmeti mean of x and z?Solution: The �rst ondition says that(7.1) x + y + z = 3 · 24 = 72.The seond says that
x + 2y + (z − 7) = 3 · 35 = 105,or,(7.2) x + 2y + z = 112.Subtrating (7.2) from twie (7.1), we have:

x + z = 32.Thus the average of x and z is 16.
8 Cuumbers are normally 96% water. 100 pounds of uumbers were left in the sun andare now 92% water. What is the weight of the uumbers now?



3Solution: The \non-water" in uumbers is normally 4%. The same non-water isnow 8%. Thus the total weight is now half of what it was, i.e. 50 pounds.
9 Find the least ommon multiple of 77 and 21.Solution: We have

77 = 7 · 11, 21 = 3 · 7.Thus the least ommon multiple is
3 · 7 · 11 = 231.

10 What is the last digit of 92008?Solution: We have
91 = 9, 92 = 81, 93 = 729, et.Thus the odd powers of 9 end with 9 and the even powers end with 1. Therefore 92008ends with 1.

11 What are the last two digits of 7999?Solution: We have
71 = 7, 72 = 49, 73 = 343, 74 = 2401.It follows that

74, 78, 712, . . .end with 01. In partiular,
7996 = 74·249ends with 01. Sine

7999 = 7996 × 343,we see that 7999 ends with 43.
12 If we make one straight ut through a pizza, we obtain two piees of pizza. If we makeanother ut, we obtain three or four piees of pizza depending on how we ut. What isthe largest number of piees we an obtain after �ve uts?Solution: Extending eah ut inde�nitely, we get straight lines in the plane. Theseond ut (line) intersets at most one other line (the �rst ut). The third line in-tersets at most two lines, and so on. Thus the nth line intersets at most n − 1 linesthat divide the nth line into n segments. Eah of these segments adds a new pieeof pizza to the piees formed by the previous n − 1 uts. Thus adding an nth utinreases the number of piees by at most n. We now see that �ve uts result in atmost 2 + 2 + 3 + 4 + 5 = 16 piees of pizza.
13 Find the sum

1

1 · 3 +
1

3 · 5 +
1

5 · 7 + · · · + 1

199 · 201
.



4Solution: We have
1

1 · 3 +
1

3 · 5 +
1

5 · 7 + · · ·+ 1

199 · 201

=
1

2

(

1 − 1

3

)

+
1

2

(

1

3
− 1

5

)

+
1

2

(

1

5
− 1

7

)

+ · · · + 1

2

(

1

199
− 1

201

)

=
1

2

(

1 − 1

3
+

1

3
− 1

5
+

1

5
− 1

7
+ · · ·+ 1

199
− 1

201

)

=
1

2

(

1 − 1

201

)

=
100

201
.

14 Fator x4 + 4 as a produt of two polynomials.Solution: Here is how one an fator x4 + 4 as a produt of polynomials with realoeÆients. We have:
x4 + 4 = (x4 + 4x2 + 4) − 4x2

= (x2 + 2)2 − (2x)2

= (x2 + 2 + 2x)(x2 + 2 − 2x)

= (x2 + 2x + 2)(x2 − 2x + 2).Over the omplex numbers, fatoring is even easier. For example:
x4 + 4 = (x2)2 − (2i)2 = (x2 + 2i)(x2 − 2i).

15 Suppose that the area of a retangle is 20 square units and its perimeter is 20 units.The length of the diagonal is √n where n is a whole number. Find n.Solution: Let a and b be the sides of the retangle. Then
ab = 20, and 2(a + b) = 20 i.e. a + b = 10.Thus
n = a2 + b2 = (a + b)2 − 2ab = 102 − 2 · 20 = 60.

16 Liense plates in Mathfunland use 4 digit numbers. Only the digits from 1 to 9 areused (0 not allowed), and all four digits must be di�erent. How many di�erent lienseplates are possible in Mathfunland?Solution: There are 9 possible hoies for the �rst digit. One the �rst digit ishosen, there are 8 possible hoies for the seond digit. One the �rst two digits arehosen, there are 7 possible hoies for the third digit. Finally, one the �rst threedigits are hosen, there are 6 possible hoies for the last digit. Thus the total numberof possible hoies for the liense plate numbers is 9 · 8 · 7 · 6 = 3024.
17 If we expand the expression (x− 3y)2 = x2 − 6xy + 9y2, the oeÆients are 1,−6 and 9and the sum of these oeÆients is 4. Find the sum of the oeÆients of (x − 2y)10.



5Solution: To alulate the sum of the oeÆients of a polynomial in x and y, it isenough to set x = y = 1. Thus for the polynomial (x− 3y)2 = x2 − 6xy + 9y2, the sumis
12 − 6 · 1 · 1 + 9 · 12 = (1 − 3)2 = 4.For (x − 2y)10, the sum is (1 − 2)10 = 1.

18 Six distint straight lines are drawn on the plane. What is the largest possible numberof intersetions these lines an have?Solution: The largest number of intersetions ours when no two lines are parallel.In this ase, there are as many intersetions as there are pairs of lines. For 6 lines, thereare 15 pairs possible. This is easy to see by enumeration: if we label the lines 1, 2, 3,et., the possible pairs are:
12, 13, 14, 15, 16, 23, 24, 25, 26, 34, 35, 36, 45, 46, 56.Thus the largest possible number of intersetions for 6 lines is 15.

19 △ABC is equilateral. If the area of the insribed irle is 1, what is the area of theirumsribed irle?
A BC

Solution: Let O be the enter of the two irles and OH be perpendiular to AC,as on the �gure below:
A B

COH
Then OH and OC are radii of the two irles. Moreover, it is easy to see that △COHis a 30-60-90 triangle. In partiular, |OC| = 2 |OH|. Thus the radius of the large irleis twie the radius of the small irle. Therefore the area of the large irle is four timesthe area of the small irle. The answer is: 4.

20 In a game, players an sore either 7 or 3 points eah time. If a player sores 82 points,what are the possible numbers of 3 point goals that were sored?



6Solution: Let m and n be the numbers of 3 point and 7 point goals sored respe-tively. Then 3m + 7n = 82. Thus
m =

82 − 7n

3
.It is easy to see that the values of n for whih 82− 7n is positive and divisible by 3 are

n = 1, 4, 7, 10. The orresponding values of m are 25, 18, 11, 4.
21 Find the sum of the even numbers from 2 to 2008, 2 + 4 + 6 + · · ·+ 2008.Solution: We have

2 + 4 + 6 + · · · + 2008 = (1 + 2 + 3 + · · · + 1004) + (1004 + 1003 + 1002 + · · · + 1)

= (1 + 1004) + (2 + 1003) + (3 + 1002) + · · · (1004 + 1)

= 1005 + 1005 + 1005 + · · · + 1005 (1004 terms)
= 1004 × 1005 = 1009020.

22 If n! stands for the produt 1 · 2 · 3 · · · · (n − 1)n, evaluate
10!

7! 6!
.Solution: We have 10! = 7! × 8 × 9 × 10) = 7! × 720 = 7! 6!. Thus

10!

7! 6!
= 1.

23 How many di�erent squares are drawn in the following grid:
Solution: There are nine 1× 1 squares, four 2× 2 squares, and one 3× 3 square, fora total of 14 squares.

24 The number n! is the produt of the whole numbers from 1 to n. Thus 5! = 1·2·3·4·5 =
120. The number 120 ends with one zero. How many onseutive zeros are there at theend of 100!?Solution: Among the numbers 1, 2, 3, . . . , 100 there are twenty that are divisible by
5 and among these twenty, four are divisible by 25. Thus 100! is divisible by 524 but notby 525. Sine there are �fty even numbers among 1, 2, 3, . . . , 100, we also know that 100!is divisible by 224. It follows that 100! is divisible by 1024 but not by 1025. Therefore,
100! ends with 24 zeroes.

25 The sketh shows a regular pentagon and a regular hexagon that share a side. Find themeasure of the angle A in degrees.
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A

Solution: The measure of eah angle of a regular pentagon is 108 degrees. Themeasure of eah angle of a regular hexagon is 120 degrees. Thus the measure of theangle A is 360 − 108 − 120 = 132 degrees.
26 Fator 9991 = A · B, where A and B are whole numbers with 1 < A < B. Find A.Solution: We have

9991 = 10000 − 9 = 1002 − 32 = (100 − 3)(100 + 3) = 97 · 103.Thus A = 97.
27 The little squares in the grid below are 1×1. Find the area of the quadrilateral ABCD.

A B
CDSolution: The quadrilateral is naturally insribed in a 5 × 6 retangle with sidesalong the lines of the grid. Its area (30 square units) is omposed of the area of thequadrilateral and the ombined areas of the four right triangles whose hypotenuses are

AB, BC, CD, and DA. The areas of these triangles are 3, 4.5, 2, and 6 respetively.Thus the area of the quadrilateral is
30 − 3 − 4.5 − 2 − 6 = 14.5.

28 If n = 10101 in base 2, give the number n in base 10.Solution:
n = 1 · 24 + 0 · 23 + 1 · 22 + 0 · 21 + 1 · 20 = 16 + 0 + 4 + 0 + 1 = 21.

29 We have a two digit prime number and when the digits are interhanged the value ofthe number dereases by 36. What is the number?



8Solution: Let a and b be the digits of our number, i.e. the number is 10a + b. Theondition on the digits is that
(10a + b) − (10b + a) = 36,i.e. 9a − 9b = 36 or a − b = 4. Thus the only possibilities are 40, 51, 62, 73, 84, 95. Ofthese numbers, only 73 is prime. Thus the answer is 73.

30 The area of the retangle ABCD is 6 square units. What is the ombined area of thethree triangles △AEG, △GFH, and △HCD?
AB CDE FG HSolution: The three triangles have the same height |AB|. Therefore their ombinedarea is

|AG| · |AB|
2

+
|GH| · |AB|

2
+

|HD| · |AB|
2

=
|AD| · |AB|

2
=

6

2
= 3.

31 ABCD is a square, the triangle △CDE is equilateral. Find the measure of the angle
∠DAE (in degrees).

AB CD E
Solution: The measure of ∠ADE is 90 + 60 = 150 degrees. The triangle △ADE isisoseles beause |DA| = |DC| = |DE|. Therefore the measure of ∠DAE is

1

2
(180 − 150) = 15 (degrees.)

32 List all the integers n ≥ 0 for whih 2n + 1 is the square of an integer.Solution: If 2n + 1 = m2, we have 2n = m2 − 1 = (m − 1)(m + 1). Thus m − 1and m + 1 must be onseutive powers of 2. Clearly, the only possibility is m = 3, i.e.
2n = 8 and n = 3.

33 If x + y = 10 and xy = 5, what is x3 + y3?Solution: Sine (x + y)3 = x3 + 3x2y + 3xy2 + y3 = x3 + y3 + 3xy(x + y), we have
x3 + y3 = (x + y)3 − 3xy(x + y) = 103 − 3 · 5 · 10 = 850.


