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Motivation

Quantifying multiscale phenomena in dispersive wave propagation.

Zabusky and Kruskal’'s experiment (1965) for the Korteweg-de Vries
(KdV) equation

2
uy + uuy + 3 lrex = 0, u(x,0) =1+ cos(mx/20).
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Motivation

Quantifying multiscale phenomena in dispersive wave propagation.

The formation of the “undular bore” becomes much more distinct if the
dispersion parameter 2/3 is replaced with a smaller number. Here is a
snapshot at r = 0.4 from the solution of the initial-value problem

wy + 6un, + 10 *u = 0, u(x,0) = —sech?(x).

[Figure taken from a paper of Claeys and Grava.]



Motivation

Quantifying multiscale phenomena in dispersive wave propagation.

We observe:
@ The solutions of typical initial-value problems for KdV have
undeniable features including
o Intervals where the solution is slowly-varying,
o Intervals where the solution resembles a slowly-varying train of
more rapid oscillations, and
e Moving transitional regions separating the above.

@ These features become “sharper” as the dispersion parameter
become smaller for fixed initial data. They may be well-defined as
suitable mathematical limits as the dispersion parameter tends to
zero.

Similar phenomena occur for other dispersive equations as well. ..



Motivation

Quantifying multiscale phenomena in dispersive wave propagation.

Another example: the initial-value problem for u“ = u“(x, t) solving the
sine-Gordon equation:

Aul, — u, +sin(u) =0, xeR, >0,
u(x,0) = F(x), eu; (x,0) = G(x).

Here ¢ > 0 is a parameter, and F and G are independent of .

Interesting features of u© become better-resolved as ¢ — 0 for fixed F
and G...



Motivation

Quantifying multiscale phenomena in dispersive wave propagation.
The initial data is F(x) = 0 and G(x) = —3 sech(x) with ¢ = 0.1875.
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Motivation

Quantifying multiscale phenomena in dispersive wave propagation.
The initial data is F(x) = 0 and G(x) = —3 sech(x) with ¢ = 0.09375.
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Motivation
Quantifying multiscale phenomena in dispersive wave propagation.

The initial data is F(x) = 0 and G(x) = —3 sech(x) with ¢ = 0.046875.
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Motivation

Quantifying multiscale phenomena in dispersive wave propagation.

Another example. ..
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The focusing nonlinear Schrédinger equation for ¢ = ¢(x, 1):

2
el + %w;x W PY =0, °(x,0) = 2sech(x), €= 0.4.



Motivation

Quantifying multiscale phenomena in dispersive wave propagation.

Another example. ..
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The focusing nonlinear Schrédinger equation for ¢ = ¢(x, 1):

2
el + %w;x W PY =0, (x,0) = 2sech(x), €=0.2.



Motivation

Quantifying multiscale phenomena in dispersive wave propagation.

Another example. ..
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The focusing nonlinear Schrédinger equation for ¢ = ¢(x, 1):

2
el + %w;x W PYc =0, (x,0) = 2sech(x), €=0.1.



Motivation

Quantifying multiscale phenomena in dispersive wave propagation.

Another example. ..
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The focusing nonlinear Schrédinger equation for ¢ = ¢(x, 1):

2
el + %zp;x + [Py =0, (x,0) =2sech(x), €= 0.05.



Motivation

Quantifying multiscale phenomena in dispersive wave propagation.

This phenomenon is not only present in nonlinear systems. Consider
the free-particle (linear) Schrédinger equation

62 ) X
i+ =0, ' (x,0) = ¥(x) = Vo), S(x) = /0 o () dy.

Here we may consider pp : R — R, and iy : R — R as fixed and
consider what happens as ¢ varies.

This example motivates the terminology “semiclassical limit” for the
asymptotic behavior as ¢ — 0.



Motivation

Quantifying multiscale phenomena in dispersive wave propagation.

For the linear Schrédinger equation. . .

Plots of |1 (x, 1)|? for up(x) = —8 sech?(x) tanh(x) and po(x) = 4 sech*(x):

e=0.2 e=0.1 e = 0.05



Mathematical Theory

What gives rise to semiclassical phenomena? How can we calculate?
The initial-value problem for the linear Schrédinger equation can be
solved by the Fourier/Inverse- Fourier transform pair.

@ Direct transform: (A / 5 (x) ¥ < dix.

Q Time evolution (from taking thAe direct transform of the Schrédinger
equation): (X, 1) = e~ 2 1/<qf (X).
© Inverse transform: ¢ (x, 1) / @Zz (A t)e —20x/e g,
Each step involves ¢ in a singular way. Alternately, by carefully

exchanging the order of integration in the resulting double integral
formula, the problem can also be solved using Green’s function:

—im/4
€ _ ¢ il(&;xt) /e
1) = d¢, t>0, where
Y(x, 1) Gl A vV po(§) d€

(€ —x)?

I(&x,1) = S(&) + =—




Mathematical Theory

What gives rise to semiclassical phenomena? How can we calculate?

Use the method of stationary phase to analyze the integral as ¢ | 0:

m’( —-1)/4
x t f % \/ I// 5’17 7

where &, = &,(x, 1), and & < & < --- < &p are the stationary phase
points, that is, the roots (assumed simple) of I’(£; x, 1) = 0. Note that

E—x

t

m il(Enix) /e 4 O(e)

I'(&x,1) = up(€) + =0 & x=u(§t+¢

is the equation for intercepts ¢ of characteristics through (x,t) for the
formal limit of the Madelung system (p° := |¢|*> and u¢ := eIm(y)</v°))

2 € € 2
€
P (Pu)s =0, g +uuy = — [pm( ( pxc) ] '

2p 2p



Mathematical Theory

What gives rise to semiclassical phenomena? How can we calculate?

Here are the characteristic lines in the case u(x) = —8 sech?(x) tanh(x):

Characteristics for Free Particle QM
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Mathematical Theory

What gives rise to semiclassical phenomena? How can we calculate?

Here are the characteristic lines in the case u(x) = —8 sech?(x) tanh(x):

Characteristics for Free Particle QM
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Mathematical Theory

What gives rise to semiclassical phenomena? How can we calculate?

The stationary phase formula tells us the following. There is a critical
time ¢t = 1. such that:

@ If r < t. then there is just one characteristic line through each point
and hence just one term in the sum. Thus ¢(x, 7) looks like a
modulated plane wave.

@ If r > t. then there are caustic curves x = x*(t) with x*(z.) = x.
such that
e If x < x(¢) or x > x™(¢) then there is again just one characteristic
through each point and again ¢ (x, 7) looks like a modulated plane
wave.

e If x~ (1) < x < x™(¢) then there are three lines through each point
and hence three terms in the sum. There are three interfering terms
in 9 (x, 1), and [1(x, t)|> becomes highly oscillatory.

The asymptotically abrupt transitions in the (x, ¢)-plane arise as
bifurcation points for characteristics or stationary phase points.



Mathematical Theory

What about nonlinear problems?

Similar precision of analysis is available in principle for nonlinear
dispersive wave problems that are integrable by a
direct/inverse-scattering transform:

@ In place of the Fourier transform of the initial data, we have instead
the direct scattering transform. Usually requires the analysis of a
linear ODE (or PDE) with a spectral parameter to obtain scattering
data (one or more functions of the spectral parameter).

@ Just as in the linear theory, one has explicit exponential evolution
of the scattering data in time r.

@ In place of the inverse-Fourier transform of the time-evolved
transform data, one has the inverse-scattering transform. Usually
requires the solution of a linear Riemann-Hilbert problem (or &
problem).



The Defocusing Nonlinear Schrédinger Equation

Lax pair representation

Let’s illustrate these steps in a bit more detail for the defocusing

nonlinear Schrédinger equation

2 ) X
e+ [0 P = 0, 9 (x.0) = Vo), S() = /O uo(y) dy.

The PDE is the compatibility condition for the two linear problems

(A € C is the spectral parameter):

e?;: —Uw, U=U(x1)\) = [ZA
ow —iA — i5|yef?
oy =YW V=V = [Aw(*—iéew;*

wc
i\
M + iz ey
iIN gy



The Defocusing Nonlinear Schrodinger Equation

Formal semiclassical limit
Introducing real variables (Madelung, 1926)

€

= |¢)* and u® := \9{ ¢:} = p°(x,0) = po(x) and u(x,0) = up(x),

one can check that the defocusing nonlinear Schrédinger equation for
1° implies the following closed system of equations on p¢ and u‘:

apc 9 €€\ __ Ou’ 9 l €2 (S l 28F[pc]
or TP =0 and 5 ax<2“ +p>_26 dx

where F|p] denotes the expression

192 19p\?
Flol =558 = (550 ) -
2p Ox 2p Ox
Neglecting ¢2F, leads to a closed, e-independent hyperbolic system

governing expected limits p and u, the dispersionless defocusing NLS
system.



The Defocusing Nonlinear Schrédinger Equation
Direct Scattering Transform: Rg = .7 (v5)

We need to calculate the Jost solution w of the linear equation

. iS(x)/e
AW _ iA Vpo(x)eS/ W,
dx \/meﬂs(")/6 i

that is, the solution for A € R that is determined (assuming sufficiently
rapid decay of py for large |x|) by the conditions

w(x) = [el:/c} RN [e,ﬁ#} Fo(l), x— oo

and
e—i)\x/e

i) = 7500 |

} +o(1), x— —o0,

for some coefficients R () (the reflection coefficient) and Tj(\) (the
transmission coefficient).



The Defocusing Nonlinear Schrodinger Equation

Inverse Scattering Transform: ¢ = .7~ (**""/R¢)

For the inverse transform, solve (for each fixed x and r) the following
Riemann-Hilbert problem: seek M : C \ R — SL(2,C) such that:

@ Analyticity: M is analytic in each half-plane, and takes boundary
values M : R — SL(2,C) on the real line from C..

@ Jump Condition: The boundary values are related by

1 — |R6()\)|2 _e—2i()\x+)\2t)/6R6()\)*

M+()‘) = M—()‘) eZi()\er/\zt)/eR(e)()\) 1

, AER.

@ Normalization: As A — oo, M(\) — L.
The solution of the initial-value problem is given by

W(x, t) = 2i lim )\Mlg()\)
A—00



Semiclassical Approximation of R
The WKB Method

Recall the linear ODE for the Jost vector w:

Edl _ —l)\ po(x)eiS(x)/c w
“dx po(x)e= S/ i '

The rapidly oscillatory factors in the coefficient matrix can be removed
by a simple substitution:

|:eiS(x)/(2c) 0
W =

0 e—iS(x)/(%)] v = SWas/ 2y,

leading to

de:[—iuwuo(x)) o) }
dx W@ i ()

because §'(x) = up(x).



Semiclassical Approximation of R}
The WKB Method

If we try to treat the terms proportional to ¢ < 1 as a perturbation, we
are led to consider the approximate equation:

—i(A + Fup(x)) CUIC N Py
e i(A + Juo(x))

Unless the determinant of the coefficient matrix is zero, i.e.,

there is no nontrivial solution. This suggests that, away from
exceptional points, dv/dx must be large, proportional to ¢~!. As the
equation is linear, nothing is gained by simply scaling v by «~!, but
dv/dx can be made large compared to v by an exponential substitution:

v=2¢"/u for some scalar function f(x, \) to be determined.



Semiclassical Approximation of R}
The WKB Method

Given f, the substitution implies a linear equation for u:
du _ [—iu + Juo()) — filx, ) po(x) ] |
dx po(x) i(A+ %uo(x)) —fr(x, A)

The main idea of the WKB method is to choose f so that the modified
coefficient matrix is singular, leading to the possibility that u may vary

slowly, on the scale of x. That is, f;(x, A) should be an eigenvalue of the
coefficient matrix

=i+ o (x)) po(x)
H(x,\) := { poz(x) i+ éuo(@)}

and, to leading order, u should be a corresponding eigenvector of H.



Semiclassical Approximation of R}
The WKB Method

The exact equation for u is

efl—: = (H(x, A) — fi(x, )D)u

and the WKB method is to seek u in the form of an asymptotic series
u~up(x, \) 4 eup(x, A) + (6, A) + -, € —0.

Substituting this series and equating the terms proportional to the
same powers of ¢ leads to the leading-order equation

(H()C, >‘) _fx(x7 )\)]I)ll()(x, )‘) =0
and the infinite hierarchy of equations for subsequent corrections:

dunfl

(H(xv >‘) _fx(xv )‘)]I)un(xa )‘) = dx

(x,\), n>1.



Semiclassical Approximation of R}
The WKB Method

The formalism of the WKB method consists of the following steps:

@ Fix fi(x, \) to be an eigenvalue of H(x, \) that is smooth as a
function of x in an interval of interest. The characteristic equation
is:

S, 2)? = po(x) = (A + quo(x))*.

This makes H(x, \) — fi(x, A)I a rank one matrix. Its nullspace is
spanned by (M(x, A) is an arbitrary nonzero scalar)

1 [x(x, A) —i(A+ %uo(x))]
M(x, \) po(x)

y(x,A) ==
and its range is spanned by (N(x, \) is an arbitrary nonzero scalar)

1 [—fx(x, A)—i(A+ éuo(X))]
N(x,\) po(x) '

z(x, ) :=



Semiclassical Approximation of R
The WKB Method

@ Find ug:
@ Solve the leading-order equation by wug(x, A) = co(x, A)y(x, A) for
some scalar function ¢, to be determined.
@ Ensure the solvability of the next equation in the hierarchy by
imposing

det (izl:)(’“’ ), z(x, )\)) —0.
This is a linear first-order equation for the scalar ¢ (x, \):

@(x ) det (yx(x, A), z(x, \))
dx det (y(x, A),z(x, \))

co(x,A) =0



Semiclassical Approximation of R}
The WKB Method

© Supposing u,,_; is known, find u,:
@ The equation (H(x, \) — f(x, A)D)w, (x, A) = u,_; «(x, \) is solvable by
construction. Its general solution has the form

w, (6, A) = ul) (x, A) + cu(x, Ny(x, A)

where u? (x, \) is any particular solution (chosen to depend
smoothly on x) and where c¢,(x, \) is a scalar to be determined.

@ Ensure the solvability of the next equation in the hierarchy by
imposing the condition

det (iz:(x,)\),z(x, )\)) —0,
which is a linear equation for c,(x, A):

den

det(y,(x, \),z(x, \)) _ det(unx(x A),z(x, A))
dx (6 A) ==

AT ety ) 25 1) det(y(x. X). 2(x, V)




Semiclassical Approximation of R}

Oscillatory and exponential intervals

The nature of the WKB approximation (obtained by truncating the
series for u at some order) is determined by the sign of f,(x, \). Given
AeR:

@ In x-intervals where (A + 1ug(x))> > po(x), we have f2 < 0, so up to
a A-dependent factor, f is purely imaginary. This means that the
solutions are rapidly oscillatory, and |¢*//¢| is independent of x.

@ In x-intervals where (A + 1ug(x))? < po(x), we have f2 > 0, so up to
a A-dependent factor, f is real. This means that the solutions are
either exponentially growing or decaying, very rapidly for small e.

We call the two types of intervals oscillatory and exponential intervals
respectively.



Semiclassical Approximation of R}

Turning points

Oscillatory intervals abut exponential intervals at turning points where
(A + 1up(x))? = po(x) and hence H(x, \) is singular with degenerate
eigenvalues. This information can be summarized in a picture:

0osc

Here a(x) := —Juo(x) — /po(x) and B(x) := —Jup(x) + v/po(x). For
simplicity, we assume that there are at most two turning pomts
x—(A) <xp(N).



Semiclassical Approximation of R}

Above barrier reflection

Unless A lies in the interval [A_, A4 ] := [min, a(x), max, 3(x)], there are
no turning points at all, and all of R is an oscillatory interval. Suppose
that A > A.. Take f; to be strictly negative imaginary and integrate:

F5:0) = =i [/ + Ju00))? = miv) . (positive roo).

Fix the normalizing factors M and N as follows (positive square roots):

M, ) = iy 2if (6, DA+ uo(x) — 2 (x, A)2

NG, ) = /205 (r A+ Juo(x) + 26(x, A)2.

It follows from the characteristic equation thaty'y = 1,z'z = 1 and
y'z = 0. Hence if K := (y,z), then K~! = K'.



Semiclassical Approximation of R}

Above barrier reflection

Differentiating the identity K—'K = T with respect to x gives

dK*1K+K_1d7K —

=0.
dx dx

Since K~! = KT, K~ 'K, is skew-symmetric, and therefore

_ det(yy, z)

0= (K 'K = 2L
KK = ey, 2)

The differential equation for ¢y (x, A) therefore dramatically simplifies,
having general solution ¢y = co ().

In the absence of turning points, the uniform accuracy of the WKB
approximation for x € R can be justified rigorously, and the Jost
solution has the form

w(x, \) = co()eSM3/ 2 EN ey (XY + O(e).



Semiclassical Approximation of R
Above barrier reflection
A direct calculation gives:

lim eN/e . eiS(x)Us/(Zf)e/"(x’)‘)/ey(x, A) =

x—Fo0

ewp (£ [ [v b — o+ s = ] ) [

Therefore, taking

o) = —exp (=2 [ [+ St = /O B = )] ).

the Jost solution satisfies

—id\x/e

wx A) = T5(N) [ A

] +o(1), x— —o0,
and
e—i>\X/F 0
w(x,\) = [ 0 ] + Ry(A) [e")"‘/f] +o(l), x— +oo, where



Semiclassical Approximation of R}

Above barrier reflection

1) = exp (=2 [ [+ ) = /O b)) = )| ) +00
and
R5(A) = 0(c).

Therefore, the reflection coefficient is small (of order ¢) for A > \,.
Completely analogous calculations show that the same holds for
A< A

Going to higher order shows that (assuming py and uy are smooth)
R§(N\) = O(eN) for arbitrary N. The reflection coefficient is small beyond
all orders in absence of turning points.



Semiclassical Approximation of R}
Below barrier reflection and tunneling
Now let us assume that A_ < A < A, so that there are precisely two
turning points x_ () < x4 (), dividing R into three intervals:
@ [ := (—o0,x_()\)), in which the WKB method predicts oscillatory
solutions.
@ Iy := (x_(A),x1 (X)), in which the WKB method predicts
exponentially growing and decaying solutions.
@ I} := (x4 (A), +00), in which the WKB method again predicts
oscillatory solutions.

0

T WA A VaVaVa VAU

I x,'(x) I, x!(k) I.



Semiclassical Approximation of R}

Below barrier reflection and tunneling

There are two essential issues to be addressed:

@ For x € Iy, the rigorous analysis of the WKB method is
complicated by exponential amplification of errors. Small errors
introduced at a point xy € Iy can only be controlled if the
initial-value problem for the ODE is solved in the direction of
exponential growth of the WKB approximation.

© The WKB method fails entirely in neighborhoods of the two turning
points, where f, vanishes like a square root.

We will construct the scaled Jost solution w(x, A)/7;(\) which is
defined by the condition that

w(x, ) = ["gx/] +o(l), x— —oc.

T3\



Semiclassical Approximation of R

Below barrier reflection and tunneling

By our previous analysis we can show that the following is valid for
—Jup(—00) <A < Ay

——w(x, \) = C(N)eSW/C - N ey (x X)+0(e), xel_,

where:
@ [C(N)| =1,
@ f(x,\) / \/ A+ 2u0 — po(y) dy, (positive root),
b [ ) = i Fue(x)
N = | rc R e

© M_(x,A) = iy/2if(x, YA+ Luo(x)) — 2f(x, )2, (positive root).

The error estimate of O(¢) holds pointwise in x and also uniformly on
any subinterval of 7_ bounded away from x_(\).



Semiclassical Approximation of R}

Connection problems

For x in the other two intervals, I, and .., we may expect that the same
solution w(x, \)/T;(\) is approximated by linear combinations of WKB
solutions (exponential character in I, and oscillatory character in 1..).
But to obtain the coefficients in these linear combinations, we must
somehow pass over the turning points x. (\) where WKB fails.

Some insight is gained by making the substitution

[1 1}~
V=1. .|V
i —i

into the equation ev, = H(x, A)v, with the result:

av
dx‘l[/f(x)—x 0

recalling a(x) := —ug(x) — \/po(x) and B(x) :== —Juo(x) + +/po(x).

€



Semiclassical Approximation of R}

Connection problems

Taylor expanding the coefficient matrix about x = x_(\) where 5(x) — A

has a simple root, and keeping only the first nonzero term from each
matrix element yields

5@ ~i 0 alx_(A) =X ;
dx [P (A) (e = x- () 0 '

Note that a(x_ (X)) — A < 0 while 8'(x_()\)) > 0. Replacing ~ with = we
obtain the first-order system form of Airy’s equation:

oo P dn
dy? T T S ale (W) dy

where

y =B ()) PO = alx-(N) 3)6_6)2673(»-



Semiclassical Approximation of R

Connection problems

Linearly independent solutions to Airy’s equation v/ (y) = yvi(y) are the
functions v, (y) = Ai(y) and v (y

15 ﬁ Bi(y) AS y — +OO
10 _2y3/2/3
// (1067

/7 A

2y3/2 /3

AN . 32

-05L

and as y — —oo,

oy L in (2P ™ 3/
Ai0) = = fsin (G072 + 5 ) + OlbI )
i) = - 2pry T -3/2
Bily) = =i [cos (S0P 7 ) + 07



Semiclassical Approximation of R}

Connection problems

The formal procedure for going through the turning point x_(\) is:
@ Expand the WKB formula from region I_, v ~ /- &N/cy_(x, \),
assuming that x_(\) — x is small and positive. Keep only the

dominant terms, and eliminate x_(\) — x in favor of the Airy
independent variable y.

@ Identify the result with linear combinations of the asymptotic forms
of Ai(y), Bi(y) and their derivatives for large negative y.

© Replace these asymptotic forms by the corresponding asymptotic
forms now valid for large positive y, keeping only dominant terms
(in the limit y — 4-00), and eliminate y in favor of x — x_(\).

© Compare with expansions of WKB formulae for v valid in region I
(exponential interval) assuming x — x_ () is small (as in step 1).

It is not a pretty calculation, but it is straightforward. It identifies the
proper combination of WKB formulae in region I, corresponding to the
WKB approximation v ~ ¢/~ (~Y/cy_(x, ¢) valid in region I_.



Semiclassical Approximation of R}

Connection problems

The result of this calculation is the following WKB formula valid for
x € Iy. It contains only the WKB exponential growing to the right.

mw(x, A) = _CG()\)eiS(X)JZ/(ZF)efO(X7)\)/Eyo(x7 N1 +00), xel,
0

where
@ fo(x,\) / \/po — (A + 3uo(y))? dy (positive root),
1 Fox(x, A) — i(A + Jup(x))
@l ) = iy | E I B

© Mo(x, \) = (2o, A)? — 2ifie(x, A)(A + Suo(x)))? (principal
branch of the square root).
Carrying out similar steps to connect through the next turning point

x4+ (), assuming that S(x+ (X)) — A and 8'(x+(\)) < 0 while
A —a(xp (M) > 0, yields:



Semiclassical Approximation of R

Connection problems

L i A) = Co(0)emW/egiS(Was/(20) [ef+<x,x>/ey (6 0)

e+ /ey L(x, >\)+0(€)}, xe€l,, where

o 7(\) —/x+m \/po — A+ suo(y))?* dy (positive root),

@ fi(x,\) /X+(/\) \/ A+ Suo(y po(y) dy (positive root),
3= g [ p% ]

0 (i) =ty | Y A i”(’(x”]

© M. (x,A) = iy/2ifa(x, A+ Luo(x)) — 2fx(x, A)? and

Ni(x,A) = \/ 2if 5 (x, A) (A + Juo(x)) + 2f4x(x, ) (positive roots).



Semiclassical Approximation of R}
Extraction of the reflection and transmission coefficients
Now we recall that the coefficients Rj(\) and T;(\) are defined by the
way that the Jost solution w(x, ) behaves in the limit x — +oc:
—i\x/e

w(x,\) = {e 0 } + Ry(N) [ei/g/c} +0o(1), x— +oo.
Dividing by T5(\) and using the WKB formula for w(x, \) /T () valid for

x € I, to let x — 400 allows us to obtain approximations for Rj(A) and
T5(X). We only need the following formulae:

. -1 . 0
xl}inooer(x, A) = [ 0 } ,  lim z(x,\) = L] , andasx— +oo,

X——+00
fo(x,A) = —i(A + qup(+00)) (x — x4(N))

=i [ [ B0 ) — 0+ (o) s +o(0),

+(N)

+00
S() = uo(+o0)x + /0 lwo(y) — uo(-+00)] dy + o(1).



Semiclassical Approximation of R

Summary: asymptotic formula for R§

WKB analysis, plus connection analysis based on Airy functions near
turning points, therefore yields the following results:

@ If A < A\_ :=infier a(x) OFr A > Ay := sup,p B(x), then
RG(X) = O(¢) (smaller if uyp and po are smoother).

@ If X e (A_,\}), then:
Ro(N) = e 2N/ (1 4.0(e) and [T\ = e V(1 4 0(e))

where

T(N) / " \/po — (A + Juo(y))*dy
®(A) = 5S(xr () + Ay (A)

N /*"" [a\/u + 3uo()? = po(y) — (A + Suo(y)) | dy

+(N)
o = sgn(A + Jup(+00)).




Semiclassical Approximation of R}
Notes about accuracy and rigor
The formal calculations described above can be justified rigorously in
some situations.
@ The best method for dealing rigorously with turning points is due

to Langer. He avoids Taylor expansion of the coefficient matrix to
arrive at Airy’s equation by introducing simultaneously

o A nonlinear change of independent variable x — y that is more than
a simple rescaling, and

@ A gauge transformations (pointwise linear map of the vector v)
and he arrives at a rewriting of the original system as a formally
small perturbation of Airy’s equation that holds in neighborhoods
of each turning point that don’t need to shrink with e.

@ The error terms in Langer’s transformation are controlled by
working with the Volterra integral equations equivalent to the
perturbed initial-value problem (Duhamel’s formula).

@ These methods are all quite sensitive to geometric details of the

graphs of « and /5. The connection problem is solved for simple or
double turning points.



Looking Ahead

Since |Ry(\)|* + |T5(N)|> = 1 holds, we will approximate R§(A) for all
A € R by:

Ry (V) == X a g VT — e 270 ce 20N/,

In the next lecture, we will formulate the Riemann-Hilbert problem of
inverse scattering with Rj in place of R. Then we will show how to
analyze its solution in the same asymptotic limit, ¢ — 0.
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