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The problem

We consider the following initial-boundary value problem for the
Kadomtsev-Petviashvili Il equation:

gt + 640y + Guoe + 391Gy, =0, (x,y) eERxR*, t€(0,T),
q(x,y,0) = qo(x,y), (x,y) € R x R¥,

q(x,0,t) = g(x, t) or g,(x,0,t) = h(x,t), (x,t) e Rx][0,T].

Recall that the operator 91 is formally defined by

o (x) = / f(xX)dx', xeR.

— 00



Lax pair

For
M:/U’(vav t, kR7k/)7 kR:Re(k)a ki :Im(k)

it is not hard to check that the KPII is the compatibility condition of the
Lax pair
My — Hxx — 2lk/1‘x =qu,

1223 + 4,ux><>< + ]-2lk,uxx — 12k2lux = F/L,

where the operator F is defined by

F(x,y,t, k) = —6q (0« + ik) — 3 (gx + 05 'qy) -
Observe that assuming

1
u—1+0(k), K] = oo,

implies
q(x,y,t) = =2i lim [kpx(x,y,t, kg, k)] -
|k|—o00



For computational purposes, we treat {qo, g, h} as Schwartz
functions. After the formal expressions have been obtained, one
should ask what bigger functions spaces can we draw the data from.

We will seek a solution which decays as y — oo for all fixed (x, t)
and which also decays as |x| — oo for all fixed (y, t).

We will begin by assuming that there exists a solution g with
sufficient smoothness and decay.

We will denote by i the Fourier transform of ¢+ — 1 in the variable x:
ﬁ(/7y7 t, kR; k/) = / eiﬂx [ﬂ(Xa% t, kR7 kl) - 1] dX7 S ]Ra
R

with inverse

/A(X y,t, kR,k/ / ’IXA / , Y, t, kR,k/)d/ x € R.



The method

e Our analysis is inspired by the one of Ablowitz, BarYaacov and
Fokas used for the KPIl Cauchy problem.

e More precisely, it will rely on the formulation of a & problem.

e Of course, the introduction of the boundary y = 0 requires a
different approach in order to arrive at this 0 problem.

e This approach brings in the novel ideas of Fokas, introduced in
1997, that have since been developed to the so-called unified
transform method for initial-boundary value problems, both for linear
and for integrable nonlinear PDEs.



Proposition (Direct problem)

Assume that there exists a solution q to the KPII ibvp. Then, there exists
a solution v of the KPII Lax pair which is bounded for all k € C and can

be represented in the form

111 (%, v t, ke ki),
ny (%, ¥ t kg ki),
Ho (X, ¥, t, kg, ki),
M;(X Yt kRakl)a

w(x,y, t, kr, ki) =

where ufz can be expressed in terms of {q(x, y,t), g(x, t),

kr

kr <0,
kr <0,
kr >0,
kg > 0,

k; >0,
k; <0,
ky <0,
ki >0,

h(x,t)} by
Lk

kg



+ 1 0 * o Y il 1(14-2k +
i =1 oo ([ s [T ar) [T de [T e te 0200606, 1y
2r \ /-0 kg oo 0
o fot dr
L1 </ di +/ )/ e—il(g—x)—I(I+2k)y—4il(12+3kl+3k2)(-r—t)H(g’ .k, /)(ﬁt
2k =) _rT dr

Je
1 [ OO o i I(1+2k +
o ) d// dé/ dn e~ ME=TIT2M=N) g (¢, )57,
ooy
and

1 —2kg [eS] [eS) y i
pE =1+ o (/ dl +/ dl> / dg/ dy e~ ME=IHIT2K=) g (¢ . 1)
—oo 0 —o0 0

t

—2k, d‘l'

L1 / DI /oodg Jo e ME=X) = I(+20)y—4il(P+3K+30)(m=1) (¢ - e )it

2w —o0 0 —o0 T ’ ’ 2
—ft dr

1 o0 o )
- dl/ dg/ dn e 1E=IHIR2OM=Y) g(e 0 t)p3,
T J—2kg oo y
where
+ -
¢1,2(X’ t,kp, ki) = #172(X7 0,t, kg, ki),
and

Hx, £k, 1) = 3[gx(x, £) = 2001 + K)g(x, ) — 05 Mh(x, 1))



Sketch proof: These formulae are obtained by solving the direct problem:
1st Lax equation gives

foy dn e/(/+2k)(n*y)§ﬁ(/, n,t, kg, ki),
Ay, t, ke, ki) = +4(1,0, t, kg, k) e~ 142K}y I(I 4 2kg) > 0,

- fyoo dn el(l+2k)(n7y)@(/’ 1, t, kRa k/)7 /(/ + 2kR) <0.
Note that the term fi(/,0, t, kg, ki) is new - not present in the ivp!

Inverting by means of

1
/‘(X7y7 tkavk/) = 1+7/ p (/ Yt kRakI)dl
27T R
1

2 I(14+-2kg) >0
1

27 Ji(142kp) <

e™p(l,y, t, kg, ki)dl
e™p(l,y, t, kg, ki)dl

we find



IU/l(Xa.ya t7 kR7kI) =

1 0 [e'S) ) y .
=1+ — ( / dl + / d/> e—I+2k)y / dn e""2NGr(1,m, t, kg, ki)
27 —oo —2kg 0

1 0 oo ) R
+ o (/ dl +/ dl) e IUT2KY 3 (1, ¢, kg, ki)
0 —0 —2kg

1 —2kR i oo
dl g™ 2k)y / dn e2mgn(l n, t, ke, ki), ke <O,

2m Jo y

and

p2(x,y, t, kp, ki) =

1 72kR o0 ) y _
=1+ ( / dl + / d/) e I(H2k)y / dn 2R gli(l,m, t, kg, ki)
- 0 0

oo

1 —2kR o0 ) N
+ o / d/+/ di | ™12 6o (1 ¢, kg, ki)
0 —o0 0

1 0

- dl e /r2k)y / dn 'Rl . t, ke, ki), ke > 0.
T J —2kg y



How do we deal with &1,2?

First, note that evaluating at y = 0 gives

b1 (X t, kR,k/) =14 — </ d/+/ d/> ellxd)l(/ t, kR,k/)
2kgr

1 2k
o d// dn e HR2MGL (] 0 ¢ ke, k)
hence
1
d/e’lxd)l(/ t, kR,kI </ d/+/ d/) ’/X¢1(/ t, kRka)
21 2kr
1 2kR .
T or d// dn e HU2Kngr(1,n, t, ke, ki).
™ 0

Therefore, ¢1 does not satisfy any constraints for /(/ + 2kg) > 0, whereas
it does satisfy the following constraint for /(/ + 2kg) < O:

b1, t, kr, ki) = / dn e+2ngn(l g, t, ke, ki), 1(1+ 2kg) < 0.



Moreover, the second Lax equation evaluated at y = 0 reads
d)t + 4¢xxx + 12Ik¢xx - 12k2¢x = F(Xa 0; t, kRa kl)d)
Applying the Fourier transform and integrating w.r.t t yields

Jodre "9H) + e té‘t:o

¢(/7 t: kR: kl):
[ldre =H¢ +e (T=9¢| __, keC,

where
Hx ko 1) = 3[glx, £) = 2001 + K)g(x, £) = 0 h(x, 1)

and
Ho(l,t, kg, ki) = / dx e ™ (Ho) (x, 7, ke, ki)
—00

Since
Re[ ]:12k1-/(/+2kR),

requiring that ¢ is bounded forces us to consider the cases k; > 0 and
k; < 0 (introducing u* and 1~) separately. After a few more
manipulations, the direct problem is complete.



The global relation

5uppose that {qo, g, h} are given and let po = p(x,y,0, kg, kj). By
Green's theorem in the yt-plane, the Lax pair y/e/ds the identity:

[ e [T dnen e 0 gy e o — [ de [ g et e o

_ /°° dg/’)o dn e~ IEH+2m—aIPLKION g 1 6y ke C, 1]+ 2ke) < O
— oo 0

Indeed, the first Lax equation gives

oo
a2 2 a1(12 2 .
(H ol (1+2K)y—4il(P+3kI+3k )t) — ol(1H2K)y—4il(P+3kI+3k )t/ dx e

y —o0

qu
while the second one implies

o0
012 2 21012 2 .
(M ol (1+2k)y—4il(P+3ki+3k )t) — ol (IH2K)y—4il(P+3kl+3k )t/ dx e~ Hy.

t —00

Thus

( 1(14-2K)y —4il(P+3kI+3k%) ¢ /dxe i/xqu) _ (el(l+2k)y74il(12+3kl+3k2)t/OZ,X efiIxH’Ul) .
- - y

oo t =]



Inverse problem

e Qur aim is to use the formulae from the direct problem together
with the global relation in order to reconstruct yu in terms of a
spectral problem.

e For KPII, this turns out to be a problem, which reflects that p is a
sectionally non-analytic function.

e Pompeiu's formula: For the closed boundary 0D of the simple
region D, we have that if 9f /0Z is continuous then

1 w(v, o) 1 ou/ov
/,

w(k, k) = =— dv+ —

dv A dv.
2im Joap v —k 2im Jop V — vaar

e We will first express the d derivatives and the boundary values of
as solutions of certain linear integral equations.

e Then, the above formula will be used to express p in terms of
another integral equation.






Pompeiu's formula in our case reads

1 0 dl/R 1 e dVR
=14+ — Apg + — A
+2/7r o VR — k 1+2/7r Vr — k H2
1 [ du, 1 /0 du,
— St + — op~
+ ivi — k +27‘r oo IV — k
dvyj ouf 1 [° * dy Ouy
_*/ d”R/ v—k Op _*/ d”R/ v—k 0
C/l// 8;5 C/l// ap,l_
- — d —= — — d
7r/0 ”R/,ooy—k oo / ”R/ vk op
where
Ap(x,y, t, kr) = (uf *uf) (x,y,t,kg,0), j=1,2.
and

5lu’i(x7y7 t» kl) = (#?Lt - N;E) (X7y7 t707 kl)

e It actually turns out that §u* = 0.

e Deriving integral equations satisfied by the remaining jumps and 9
derivatives is certainly the hardest part of the problem



The spectral map

L. qo — {pT (%, ¥, kr, k1), p3 (X, ¥, kr, ki)} for kj > 0, where the
functions p; and pJ are defined in terms of qq via the following linear
integral equations:

1 0 00 00 y )
=1+ ( / dl + / d/) / d / dn e~ MEZIHIF2R0=) go i
T \J-0 —2kg —00 0

—2k [e'S) )
1 f dl/ df/ dn e*"/(5*)<)+/(/+2k)(77*y)qop;-7 kg <0,
27 0 —o0 y

1 —2kg %) o y )
py =1+ > / dl + / dl / de¢ / dn e~ NE)FI+20)(n=y) g p%
—00 0 —00 0

0 oo [eS)
_1 d// d{/ dn e*i/(£*X)+/(/+2k)(n*Y)qop;r, kg > 0.
2 —2kg —00 y



2. {qo,g,h} = {p1 0y Y(x, ¥, kry ki), {b1, b5 }(x, t, kg, ki) for and
ki < 0, where the functions p; and p, are defined in terms of {qo, g, h}
via the following linear integral equations:

1 0 00 0o y )
=1+ < / dl + / dl> / de¢ / dn e~ 1E=)FI+2K)(=y) g -
2kgr — 00 0
00 T
1 (/ dl+/ )/ df/dr &€~ (+2K)y —il( P+ 3K 43K0)
2kR —0o0 0

1 —2kR o i
e dil / d¢ / dn e~ 1E=IHIH2M=Y) g, p- - kg <0,
T Jo — 00 y

1 —2kg
py =1+ 5 (/ dl+/ dl)/ dg/ dn e~ ME=)FI+20 (=) g o
™ —0o0 0
1 —2kgr [e'S) [eS) ) o "
_ E / dl +/ dl / dg/d’]’ efll(ﬁfx)fl(/+2k)y74ll(/ +3kl+3k )THQS;
—00 0 —00 0

1 0 o) [e%s) .
-5 di / d¢ / dn e~ MEIHIH2KM=Y) go o kg > 0,
™ —2kg —00 y



and

1 =1— 7(/ dl +/ )/ dé—/ d,]_efl/ E—x)—4il(P+3kI+3Kk?)(T—t) H¢_
2kr

1 —2kgr ) o R
+ 7 dl/ dg/dTefll(gfx)fml(l +3kl+3k )(Tft)Hd)l—’
T 00 0

1 —2kR
Cor

—2kR
by =1— 7(/ +/ dl)/ df/ dre— ¢ )—4il(IP+3kI+3k%)(T—t) H¢_

+ i dl/ dg/dTe—f/(g—x)—4i/(/2+3k/+3k2)(r_t)H(b,
2w 2kR 25

dl/ d§/ dn e—il(f—x)+I(I+2k)n+4il(l2+3kl+3k2)tqop;7
— 00 0

- d// d§/ dn e x)+l(l+2k)77+4l/(/2+3kl+3k2)tq 3.
—2kg



3. {qo0, &, h} — {ay,(k, k,),ﬂlig(kR, ki)}, where the functions o, , and
sz are defined by the equations:

I T N
or (kr. ki) = o / d¢ /0 dr e2krét8ikn (ke =3K))T H(¢ T+ Kk —2kg)dT

1 [ T i
s (keki) = 5 [ dE [ dr etk S e k)
T J -0 0
1 o0 oo i 3
B (kr, ki) = g/ df/o dn e*kee—4kekingo o,

1 [ ° . .
B3 (kr, ki) = %/ df/o dn e2ikrs—4krkin go 2%



4. {qo, g, h} — {rn2(kr, A\, 1), p1(kr, )} with | € R, where the functions
ri2 and p; are defined by the following equations:

1 oo oo _ .
(kA1) = — / de /0 iy e T2k g0 (¢ ) (ex5F) (€1, ks A),

2m
1 e > i1E+1(1+2k
ke, A1) = o / de /O d e~ "I q0(¢, ) (expiy) (&5, ke, ),
1 [ T e g B
prlke. ) = o / de / dr e IR H(E 7 ke, )0y (€7 ki, 0),
—o0 0

with

ex(x, v, t, kr, \) = efi()\+2kR)x7)\()\+2kR)y74i)\()\2+3kR)\+3k§,)t78ik,3?t
3 ) ) )

and N
93 ]
pIr,Z(X7ya kR» )‘) = p1+,2(xv.ya _kR - 57 ?)



5. {I‘l’g, Pl} — {Xl,Z(kR7 A)7w1,2(kR7 )\)}, where the functions X1,2 and
11,2 are defined via the following integral equations:

A
Xz(kR,)\) —/ C//Xz(kR,/)I‘z(/ﬂr\’,/7 —2kR— )\)

— / Cl'/X1(kR>7 /)I’l(kR,)\7 —2kR - A) = pl(kR, —2kR - )\)7 kR S 0, A S 0,
—2kp—AX

—2kg—A
aalke ) = [ diale, ke, 1, ~2ke )
— / d/X1(kR, /)r1(kR, /7 —2kR — )\) = Pl(kR7 —2kR — )\)7 kR § 0, A 2 —2kR

A
and

A

alkn ) + / (ki 1) 1ok, 1, —2kz — A)

“2kg—A
+/ divs (e, 1)ry(ke, A, —2kr — ) = pi(kr, —2kg — A), ke >0, A < —2kg,

0

—2kp—X
1/)1(/(;?,)\)4—/ d/’l,bz(kR,/)rz(kR,/,—2kR —A)

A
+/ dlwl(kR, /)r1(kR, /7 —2kR — )\) = Pl(kR7 —2kR - A), kR Z 0, A 2 0.
0



Inserting the spectral functions into Pompeiu's formula gives

M(X7y7t7kR7kI):
1+ 1 ° _dwe /0 dAx2 (exfiz) + /OO dAx1 (exfil) | (x,y, t,vr, A)
i VR — k e X2 \éxp2 ok X1 (et » Yy UL VR,

2im Jo vrR—k .

oo —2vR [e]
L dvg [/ d\ (eAp;)+/ d\ (eﬂlf)](x,y, t, v, A)
— 0

1 [ < dv
+7/ dVR/ d ﬁ;(VRvV’)E(X7yatal/a_2VR)/‘LT(XaY7t7_VR7V/)
T Jo o Vv—k

1 [° > d
_7/ dVR/ VI ﬂr(VRal/’)E()ﬂyat77/7_2VR)M2+(X7y7ta_VR7V/)
T ) e 0o Vv—k

1 (> ° d - _
+7/ dVR/ i/’ I:B2 7a2:|(VRzl/I)E(Xayvt?l@*zl/R)/’Ll (Xayat7il/R7l/’)

1 d
;/ dVR/ Y [ﬁl - ] (VRvyl)E(X y,t,v, —2VR)/L2 (X y,t, _VR7V/)

where
E(x,y,t k,[) = eileI(l+2k)y+4il(lz+3kl+3k2)t
) b .



Open problems

1. In the linear limit g = eu+ O (£2), € — 0, the KPII formulae yield
the solution to the linearised KPII on the half-plane (as expected).

2. For a well posed problem, either g or h are prescribed as boundary
conditions; on the other hand, the solution obtained depends on both g
and h. Thus, in order for this solution to be effective it is necessary to
use the global relation to eliminate the unknown boundary value. This
problem remains open.

3. For the initial-value problem of the KPII, the linear integral equation
analogous to the one coming from Pompeiu's formula admits a unique
solution for p for real initial conditions. This is due to the existence of a
so-called “vanishing lemma", which is based on the theory of generalised
analytic functions of Vekua. The question of whether there exists an
analogous result in our case remains open.

4. The spectral functions are defined in terms of linear integral equations.
The question of existence and uniqueness for these equations remains
open.



5. In spite of the fact that the representation of g involves both g and h,
it should still be possible to obtain effective formulae for the large t
asymptotics of the solution. ( Deift-Zhou in 2+17)

6. In general, it is known that for the class of the so-called “linearisable”
boundary conditions it is possible to express the spectral functions
directly in terms of the given initial and boundary conditions using only
algebraic manipulations. The question of identifying lineasable boundary
conditions for the KPII remains open.

7. For KPII the formalism presented here involves the crucial assumption
that several linear integral equations have a unique solution. In spite of
the fact that these equations are of Fredholm type, it is not difficult to
establish uniqueness under the assumption of sufficiently “small data”.
However, the elimination of the “small norm” assumption is a formidable
task (see also Remark 4).



Thank you!



